Abstract. Given three pairwise coprime positive integers a 1 , a 2 , a 3 ∈ Z + we show the existence of a relation between the sets of the first elements of the three quotients ai,aj a k that can be made for every {i.j, k} = {1, 2, 3}. Then we use this result to give an improved version of Johnson's semi-explicit formula for the Frobenius number g(a 1 , a 2 , a 3 ) without restriction on the choice of a 1 , a 2 , a 3 and to give an explicit formula for a particular class of numerical semigroups.
Introduction
Let a 1 , . . . , a ν be a set of positive integers such that gcd(a 1 , . . . , a ν ) = 1. We say that an integer N is representable if there exist λ 1 , . . . , λ ν ∈ N such that
The well-known Diophantine Frobenius Problem (cf. [1] ) consists of finding an explicit formula for the largest non-representable integer, denoted by g(a 1 , . . . , a ν ). This problem has been widely studied: in 1884, Sylvester (cf. [9] ) solved the problem for ν = 2, giving the formula g(a 1 , a 2 ) = a 1 a 2 − a 1 − a 2 . However, as ν grows the problem becomes incredibly complicated: in fact today the problem is still open for ν ≥ 3 ( [5] gathers a lot of results on this topic). The computation of a formula for the particular case ν = 3 and the study of concepts and invariants related to this problem (cf. [7] ) has been the main subject of a wide number of papers, and many formulas for particular triples have been found, although the main case still remains unsolved. There is a strict relation (cf. [3] , [5] , [6] ) between this problem and the problem of finding an explicit formula for the smallest positive integer K such that Ka 3 is representable as Ka 3 = λ 1 a 1 + λ 2 a 2 , where a 1 , a 2 , a 3 are pairwise coprime positive integers and λ 1 , λ 2 ∈ N. In this short paper we approach this problem by studying it in the context of quotients of numerical semigroups (cf. [6] for a good monograph on numerical semigroups). In Section 1 we study the set that contains the first elements of a quotient of a numerical semigroup generated by two integers, by explaining the relation between the three quotients a i ,a j a k that can be made with the same triple a 1 , a 2 , a 3 : we find that, once the first elements of one of those three quotients is known, it is possible to deduce the first elements of the other two. Obviously the sets that we define contain the smallest non-zero element of these quotients (that we will denote with L i ), hence the characterization of the elements of these sets can be useful in trying to find a characterization for L 1 , L 2 , L 3 . In Section 2 we give a broad generalization of the formula for g(a 1 , a 2 , a 3 ) given by Johnson in [3] : in particular we drop the assumptions made in [3] (therefore making the formula valid for every triple) and give a more explicit formula for g(a 1 , a 2 , a 3 ) by dropping some parameters from the formula, therefore obtaining an expression dependant only on L 1 , L 2 , L 3 and reducing the problem of finding a formula for g(a 1 , a 2 , a 3 ) to computing those values. In Section 3 we give another application of the result showed in Section 1 to a particular class of numerical semigroups, such that of the three quotient defined is "large". Finally in Section 4 we state some remarks and ideas for a possible continuation of this work.
1. The first elements of the quotient of a numerical semigroup Given two integers m and n with n > 0 we start by defining the remainder operator [m] n as follows
[m] n = {i ∈ N | 0 ≤ i < n, i ≡ m (mod n)} (i.e. the remainder of the euclidean division of m by n).
Obviously if m and n are positive integers such that m < n then m = [m] n . Furthermore, notice that this definition is strictly related to the floor function, as we have that
The notation we use in the brackets [·] n is the one normally used in Z n : in particular, in the bracket we denote by [m −1 ] n the number:
A numerical semigroup is a submonoid S of (N, +) such that N\S is finite. Each numerical semigroup admits a finite set of generators a 1 , . . . , a ν ∈ S such that gcd(a 1 , . . . , a ν ) = 1 and
In that case, we write S = a 1 , . . . , a ν . First, we present a result about numerical semigroups generated by two integers: Proposition 1.1 (cf. [8] , [4] ). Let a 1 , a 2 be relatively prime positive integers. Then
Given a numerical semigroup S and a positive integer d, the quotient
A direct consequence of Proposition 1.1 is the following:
Let a 1 , a 2 , a 3 ∈ Z + be pairwise coprime integers, such that a 1 > a 2 > a 3 > 1. Denote by S the numerical semigroup S = a 1 , a 2 , a 3 . Since gcd(a i , a j ) = 1 for every i = j, then the sets a i , a j and the quotients S k = a i ,a j a k are numerical semigroups for every {i, j, k} = {1, 2, 3}. The first definition is about the set of the first elements of these quotients: Definition 1.3. With the notation expressed before, define for every {i, j} ⊂ {1, 2, 3} with i = j the sets φ j (S i ) and τ j (S i ) as the sets φ j (S i ) :
Furthermore, if j = 1 the two sets τ j (S i ) and τ j (S 1 ) are strictly related:
By the hypothesis of pairwise coprimality of a 1 , a 2 , a 3 we obtain that [a −1 1 a k ] a j is an invertible element modulo a j . But a basic property of invertible elements in Z a j tells us that the function f :
} that is the first part of our thesis. The second part is a direct consequence of the first one. This theorem will be proved useful in the next subsection. Remark 1.5. Theorem 1.4 tells us that τ i (S j ) can be deduced easily from τ i (S 1 ). However, it is obvious that τ 3 (S 1 ) ⊂ τ 2 (S 1 ). Therefore, once τ 2 (S 1 ) is known, Theorem 1.4 allows us to obtain the two sets τ 2 (S 3 ) and τ 3 (S 2 ), hence obtaining the first elements of the three quotients S 1 , S 2 , S 3 .
This subsection focuses on the problem of finding the Frobenius number of a numerical semigroup generated by three integers: in particular, we improve some well-known results. Let a 1 , a 2 , a 3 be three positive integers such that gcd(a 1 , a 2 , a 3 ) = 1, denote by S the numerical semigroup S := a 1 , a 2 , a 3 and define the Frobenius number g (a 1 , a 2 , a 3 ) as the greatest element in N \ S. We can strenghten our hypothesis by supposing that a 1 , a 2 , a 3 are pairwise coprime. In fact Johnson (cf. [3] ) proved that:
+ as the three positive integers such that
Let us consider three pairwise coprime positive integers a 1 , a 2 , a 3 ∈ Z + . Define the three positive integers L i as:
Notice that a j a i ∈ a j , a k for every {i, j, k} = {1, 2, 3}, thus L i ≤ a j . In the same work Johnson proved the following results:
(1) The six integers x ij , defined by the equation
holds for every {i, j, k} = {1, 2, 3}.
The formula is strongly limited by the condition L i > 1, that cuts away infinitely many triples. In our formula, we include these cases and try to remove the coefficients x ij , using the fact that some of them are (as we will see) dependant on L 1 , L 2 , L 3 . The only hypothesis (apart from pairwise coprimality) we make in the following is that a 1 > a 2 > a 3 > 1 (that is not restrictive). We have that: Proposition 2.3. Let a 1 , a 2 , a 3 ∈ Z + be three pairwise coprime integers such that a 1 > a 2 > a 3 > 1. Then for every {j, k} = {2, 3} we have that
Moreover, since L j ≤ a k , then L j a j ≤ a j a k < a 1 a k , and then we must have that λ 1 < a k and λ k < a 1 . Considering the inequality modulo a 1 we obtain that
1 ] a k , that is our thesis. Notice that, with the notation introduced in Section 1, we have L i = min(φ j (S i ) \ {0}) = min(τ j (S i ) ∪ {a j }) for every j = i. After this little remark we are ready to improve the formula of Theorem 2.2: a 2 , a 3 ) in the two cases L 1 = 1 and L 1 > 1. If L 1 = 1 we have that a 1 , a 2 , a 3 = a 2 , a 3 , then g(a 1 , a 2 , a 3 ) = g(a 2 , a 3 ) = a 2 a 3 − a 2 − a 3 . But since S 1 = N, then |τ 3 (S 1 )| = a 3 − 1 and |τ 2 (S 1 )| = a 2 − 1. By Theorem 1.4 we obtain that |τ 3 (S 2 )| = |τ 2 (S 3 )| = 0, that is τ 3 (S 2 ) = τ 2 (S 3 ) = ∅. Hence by definition of the sets φ j (S i ) we have that φ 3 (S 2 ) = {0, a 3 } and φ 2 (S 3 ) = {0, a 2 }, thus meaning L 2 = a 3 and
If L 1 > 1 we notice that, since a 2 < a 1 and (a 2 , a 3 ) = 1, then a 2 ∈ a 1 , a 3 , i.e. L 2 > 1, and similarly L 3 > 1. Then we are under the hypotheses of Theorem 2.2, therefore
for every {i, j, k} = {1, 2, 3}. In particular we have
Now, since x 32 and x 23 are uniquely defined by the equations L 2 a 2 = x 21 a 1 + x 23 a 3 and L 3 a 3 = x 31 a 1 + x 32 a 2 then it follows from Proposition 2.3 that
2 ] a 1 and therefore we have R = g (a 1 , a 2 , a 3 ) , that is our thesis.
Fundamental gaps
The result obtained in Theorem 1.4 played a marginal part in the proof of the formula for the Frobenius number in Theorem 2.4. However, Theorem 1.4 becomes useful once we know that N \ S 1 is quite small. For this purpose we use the following known definition: Definition 3.1. Let S be a numerical semigroup. Then a gap (i.e. an element of N \ S) is said to be a fundamental gap if {2x, 3x} ⊂ S. Denote by F G(S) the set of all fundamental gaps of S.
Notice that if x is a fundamental gap of S, then 2x ∈ S and 3x ∈ S, therefore Kx ∈ S for every integer K ≥ 2, i.e. N \ S 1 = {1}. We introduce the following lemma: Lemma 3.2. Let a 1 , a 2 , a 3 ∈ Z + be three positive pairwise positive integers such that a 1 > a 2 > a 3 > 1. If L i is defined as in Section 2 and L 1 = 2 then for every {j, k} = {2, 3} we have
Proof. We are going to prove that [L 2 a 2 a 
1 ] a 3 = 0. By the hypothesis of pairwise coprimality this is equivalent to L 2 = a 3 , therefore meaning that τ 3 (S 2 ) = ∅. But by Theorem 1.4 we must have τ 3 (S 1 ) =]0, a 3 [ and consequently
By definition of L 1 we have that there exist λ 2 , λ 3 ∈ N such that 2a 1 = λ 2 a 2 + λ 3 a 3 . We must have λ 2 > 0, since if λ 2 = 0 then 2a 1 = λ 3 a 3 , and then, for the hypothesis of pairwise coprimality, it should follow that a 3 = 2 and a 1 , a 2 are odd integers such that a 1 > a 2 . But this is impossible, because in that case a 1 − a 2 is an even integer, therefore a 1 − a 2 = 2µ with µ ∈ Z + , and then a 1 = a 2 + 2µ = a 2 + µa 3 , thus implying L 1 = 1, contradicting our hypothesis: this proves that λ 2 > 0. Suppose now that [L 2 a 2 a 
Proof. Under these hypotheses we have L 1 = 2, and from Theorem 2.4 we know that
From the second part of Lemma 3.2 it follows directly that [L 2 a 2 a
Using the notation given in Section 1, we obtain that if a 1 ∈ F G( a 2 , a 3 ) then 
Conclusions and Questions
The main innovation of this paper is the use of the operator [·] · in a formula for g (a 1 , a 2 , a 3 ). This is meant to be an expansion of our field of action: since Curtis proved in [2] the nonexistence of a closed formula that can be reduced to a set of finite polynomials, it makes sense to introduce a non-algebraic operator, such as the one we gave. Notice that our operator is strictly related to the well-known floor function by the equation m − m n n = [m] n . With this addition we are able to obtain a formula dependant only on the values L i , and since the value L i can be computed by various algorithms (cf. [4] , [8] ) we actually obtain a procedure for computing g (a 1 , a 2 , a 3 ) . It is worth noting that these algorithms only use algebraic operators and the floor function, or the strictly related operator [·] · . Then it makes sense to raise the following question: Question 4.1. Is it possible to find a formula for g (a 1 , a 2 , a 3 ) 
